We use the concept of two-particle probability amplitude to derive the stochastic evolution equation for two-particle four-point correlations in tight-binding networks affected by diagonal dynamic disorder. It is predicted that in the presence of dynamic disorder, the average spatial wave function of indistinguishable particle pairs delocalizes and populates all network sites including those which are weakly coupled in the absence of disorder. Interestingly, our findings reveal that correlation elements accounting for particle indistinguishability are immune to the impact of dynamic disorder. 
I. INTRODUCTION
Non-classical correlations among many particles or quantized fields are key elements to understand and ultimately apply the nonlocal properties of quantum systems [1] [2] [3] .
In this regard, of particular interest has been the study of quantum correlations between indistinguishable particles co-propagating in time-independent disordered lattices [4] [5] [6] [7] .
Yet, most investigations have solely considered second-order two-particle correlations in lattices that are affected by static disorder in either the site energies or the coupling coefficients [5] [6] [7] . Interestingly, little has been said about the impact of dynamic disorder on the evolution of two-particle correlations in such lattice systems. Indeed, studies of dynamically disordered systems have focused on the evolution of single-excitations, a case in which the dynamics does not show any divergence from classical wave mechanics [8, 9] . In the single-excitation subspace, a number of investigations have brought to light intriguing noise-induced phenomena. Among them one may mention environment-assisted quantum transport [10] [11] [12] [13] [14] [15] [16] [17] , the emergence of virtual amplifying electric circuit elements [18] , and the enhancement of particle transport through symmetric optical potentials [19] .
In this contribution we investigate the dynamics of two-particle correlation functions in which the associated two-particle probability amplitudes are evaluated at four different points of a network exhibiting dynamic disorder in the site energies. Conventionally, transverse disorder in the site energies of coupled systems is termed diagonal disorder [20] . Hence, the systems analyzed here are networks affected by dynamic diagonal disorder.
This work is organized as follows. In section II, we introduce the concept of two-particle probability amplitude and derive the evolution equation for two-particle four-point correlation functions in finite disorder-free networks. In section III, we proceed to develop the evolution equation for two-particle four-point correlation functions propagating in tight-binding networks affected by dynamic disorder. Finally, we conclude in section IV.
II. TWO-PARTICLE PROBABILITY AMPLITUDE IN TIGHT-BINDING

NETWORKS
In this section we develop the concept of two-particle probability amplitude and derive the corresponding equations of motion for finite tight-binding networks comprising N sites. To do so, we first note that the probability amplitudes for a quantum particle, initialized at site n, within a tight-binding network are governed by the equations
Here, we set = 1, ε p represents the energy at the p-th site, and κ p,r are the coupling coefficients between sites p and r. In terms of single-particle probability amplitudes, U p,n , one can define the two-particle probability amplitudes at sites p and q as
where ϕ m,n is the initial probability amplitude profile which fulfills the condition N,N m=1,n=1 |ϕ m,n | 2 = 1. Additionally, the ± sign determines whether the particles are bosons (+) or fermions (−), respectively. By taking the time derivative of Ψ p,q (t) and using Eq. (1) we obtain the two-particle evolution equation
Accordingly, two-particle quantum states evolve in a Hilbert space composed of a discrete set of N 2 -mode states occupied by a total of exactly two particles. One significant fact to emphasize regarding Eq. (3) is the presence of the term (ε p + ε q ) Ψ p,q , which implies that during the evolution Ψ p,q acquires a phase that a single particle acquires when it traverses the same network twice [6] . Indeed, such effects can be expected since we are dealing with two particles [21] . An important aspect associated with Ψ p,q is that its modulus squared provides the two-point correlation function G
p,q (t) = |Ψ p,q (t)| 2 , which gives the probability of finding one particle at site p and the other at q [22] [23] [24] [25] [26] [27] .
Moreover, since the two-point correlation function can be expressed as G 
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FIG. 1: (Top row)
Four-point correlation matrices for a two-particle separable state (a) and an entangled state (e). In (c) and (g) it is shown the evolved correlation maps at t = 50
(Bottom row) Two-point correlation matrices obtained from the diagonal elements of (a), (c), (e), and (g), respectively. Ψ p,q (t)Ψ * p,q (t), it is natural to define the four-point correlation function as G [28] , whose time evolution is governed by the equation
The derivation of this expression is straightforward by computing
and using Eq. (3) and its complex conjugate. Before considering particular examples, it is worth noting that Ψ p,q (t)Ψ * p ′ ,q ′ (t) describes the coherence between the states |1 p , 1 q and
(p,q);(p ′ ,q ′ ) (t) can be thought of as the two-particle density matrix. For illustrative purposes, we examine two-particle four-point correlations that occur in a network consisting of 3 sites with energies ε 1 = ε 2 = ε 3 = 1, and coupling coefficients κ 1,2 = 1, κ 1,3 = 1/3, κ 2,3 = 1/3. For simplicity, ε n and κ m,n are given in normalized units. As initial states we consider four bosonic cases: i) two particles in the
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(Top row) Four-point correlation matrices for a two-particle classically correlated state (a) and an incoherent state (e). In (c) and (g) it is shown the evolved correlation maps at t = 50
(Bottom row) Two-point correlation matrices obtained from the diagonal elements of (a), (c), (e), and (g), respectively.
, ii) two particles in the entangled state
, iii) two classically correlated particles described by the
we use the compact notation |1 m , 1 n to represent the state |1 m ⊗ |1 n , and it represents a state where one particle is at site m and another at n. Additionally, states
, are symmetrized wavefunctions. Notice that in i), ii), and iii) the particles are assumed to be indistinguishable, while in iv) they are distinguishable.
Additionally, we point out that the classically correlated state represents a superposition of particle-pair probabilities at sites 1 and 2, while the entangled state is a superposition of probability amplitudes. The reason for exploring the dynamics of mixed states iii) and iv) is discussed in the next section. depict the four-point (two-point) correlation matrices for the initial states.
Once the particles evolve into the system, G
(p,q);(p ′ ,q ′ ) reveals the coherent superpositions shown in Figs. (1) and (2), where the specific time t = 50 was randomly chosen. For the input states i) and ii), the computed spatial coherences are presented in Figs. (1.c) and (1.g), respectively. Evidently, since the coupling between the sites one and two is three times larger than the coupling between the sites one and three and two and three, Ψ p,q propagates in a coherent fashion hopping predominantly among the strongly-coupled sites, and the lower correlation amplitudes are registered in site-pairs (p, q; p ′ , q ′ ) involving the third (lowest-coupled) site. By looking at the G
(p,q) for separable, Fig. (1.d) , and entangled, Fig. (1.h) , input states, it is clear that bunching and anti-bunching effects are dominant, respectively. However, the G 
III. TWO-PARTICLE FOUR-POINT CORRELATIONS IN DYNAMICALLY DISORDERED NETWORKS
In order to obtain the equations of motion for two-particle states traversing dynamically disordered networks, we start by writing the stochastic Schrödinger equation for the matrix elements of the single-particle evolution operator
where ε q (t) = ε q + φ q (t). Here ε q represents the average energy of the q-th site and φ q (t) describes a random Gauss-Markov process with zero average (Wiener process) [29] , i.e.,
, where γ q stands for the noise intensity (dephasing rate) and · · · denotes stochastic averaging. Due to the stochastic nature of the site energies, we rely on stochastic calculus to derive the evolution equation governing four-point correlations. As shown in the Appendix, within the Itô's calculus framework [30] , Eqs. (5) and (2) yield the differential of Ψ p,q
where we have introduced the Wiener increments dW p = φ p (t)dt/ √ γ p that fulfill the conditions dW q,p = 0 and dW q dW p = δ qp dt [29] . Using Eq. (6) along with the
, we obtain the evolution equation for the mean four-point correlation functionG
(p,q);(r ′ ,q ′ ) .
It should be noted that the first term on the right-hand side of Eq. (7) is complex and it vanishes for all diagonal elementsG (4) (p,q);(p,q) as well as for the off-diagonal elements accounting for particle indistinguishabilityG
the first term becomes zero). On the other hand, for the remaining off-diagonal elements
Owing to the negativity of the imaginary part, we determine that the off-diagonal elements, G
(p,q);(p ′ ,q ′ ) , will vanish as they are affected by an attenuation factor arising from noise intensities. 
* * * * * * * * * ) ;(p ′ ,q ′ ) (50) for two-particle separable (a) and entangled (e) states. From (c) and (g) it is clearly seen that both steady states are identical and they retain the indistinguishable off-diagonal termsG (4) (p,q);(q,p) (50). (Bottom row) Two-point correlation matrices obtained from the diagonal elements of (a), (c), (e), and (g), respectively. In the diagonals of (d) and (h) one can see that the bunching terms,G
, show the highest probability, while the antibunching terms,G To exemplify these effects, we explore the dynamics of separable i), entangled ii), classically correlated iii), and two distinguishable particles iv) as described in the previous section. Under such excitations, numerical integration of Eq. (7) renders the mean fourpoint correlation matrices displayed in Figs. (3) and (4) . For all simulations we assume that the site energies randomly change in the interval δt = 1 (correlation time) and they obey a Gaussian distribution with variance σ = 2 and mean values ε 1 = ε 2 = ε 3 = 1.
The dephasing rates are estimated using the relation γ = 
* * * * * * * * * interactions between sites that are otherwise uncoupled or weakly coupled. Moreover, as implied by the first term on the right-hand side of Eq. (7), we observe that indistinguishable off-diagonal termsG (4) (p,q);(q,p) remain immune to the impact of disorder, see off-diagonal elements in Figs. (3.c) , (3.g), and (4.c).
At this point it is worth underlining that coherences of the typeG (4) (p,q);(q,p) arise by virtue of the wavefunction symmetrization which accounts for indistinguishability and exchange statistics of the particles [32] . However, we must point out that there is an ongoing debate regarding the observability or physical significance of correlations due to symmetrization [33, 34] . Indeed, the issue arises because correlations of the type Ψ p,q Ψ * q,p represent superpositions of two-particle states where the only difference is the order of the particles. Formally, such coherences do not represent manipulable superpositions, but they are telltale of the fundamental particle indistinguishability. Consequently, the presence of such coherences in the steady state imply that the particles retain their capability to interfere in experiments of the Hong-Ou-Mandel type [35] . Moreover, it has been shown that interferences stemming from the exchange symmetry can be made accessible [36] .
More precisely, if those states were to be used for exciting an external interferometer, to some extent they will show some interference as they have the necessary element to interfere, namely particle indistinguishablity [37] [38] [39] . Nevertheless, in the present systems such states do not interfere since they form the parts of a stationary state (steady state).
To obtain a better understanding on the role of particle indistinguishability, we compare the correlation patterns generated by a mixed state that exhibits the strongest classical correlations where the particles are still indistinguishable, namely state iii), and an incoherent state where the particles are distinguishable, i.e., state iv). As stated above, initial state iii) gives rise to a steady state identical to the ones obtained for the coherent cases i) and ii), see Fig. (4.c) . Conversely, for distinguishable particles the state remains incoherent as elucidated by the diagonal elements in Fig. (4.g) . Therefore, if dynamic disorder destroys particle indistinguishability, in all cases one would expect to observe incoherent correlation patters similar to the one obtained for distinguishable particles, see Fig. (4.g) . However, this is not the case as indistinguishable particles exhibit very different correlation patterns where the bunching terms G (2) (3, 3) are the highest ones, while the anti-bunching terms G (2) (1,2) = G (2) (1,3) = G (2) (2,3) appear to be the second highest probabilities, Fig. (4.d) . On the contrary, for distinguishable particles the anti-bunching is the most probable event to occur and bunching is the second highest contribution, Fig. (4.h) .
IV. SUMMARY AND CONCLUSIONS
In this work, we have provided a model for describing two-particle quantum correlations in dynamically disordered tight-binding networks. Using this model, we have shown that dynamic disorder (or noise) creates new pathways through which multiple excitations can propagate, that is, it strengthens interactions between sites that are otherwise uncoupled or weakly coupled. Moreover, we have demonstrated that correlation elements accounting for particle indistinguishability are immune to the impact of noise. Our results may help elucidating the role of particle distinguishability to preserve quantum coherence and entanglement propagating through complex dynamically-disordered systems.
APPENDIX:
The procedure to derive the equation of motion for the two-particle four-point correlation function Eq. (7) is given in this Appendix. We start by writing the expression for the time-evolution of the evolution operator's elements as dU q,n = iε q U q,n + i r=1 κ r,q U r,n + iφ q (t)U q,n dt, (A Since we work in the Itô's calculus framework, we write these equations in their Itô form [12] dU q,n = iε q U q,n + i r=1 κ r,q U r,n − 1 2 γ q U q,n dt + i √ γ q U q,n dW q , (A κ r,p (U r,n U q,m + U r,m U q,n ) dt − 1 2 (γ p + γ q ) (U p,n U q,m + U q,n U p,m ) dt + i √ γ p dW p + √ γ q dW q (U p,n U q,m + U q,n U p,m ) − √ γ p γ q (U p,n U q,m + U q,n U p,m ) dW p dW q .
(A.11)
Hence, by using the definition of Ψ p,q given in Eq. (2), we obtain dΨ p,q = i (ε p + ε q ) Ψ p,q + i r=1 κ r,q Ψ p,r + i r=1 κ r,p Ψ r,q − 1 2 (γ p + γ q ) Ψ p,q dt + i √ γ p Ψ p,q dW p + i √ γ q Ψ p,q dW q − √ γ p γ q Ψ p,q dW p dW q .
(A.12)
